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Abstract

Portfolio allocation theory has been heav-
ily inuenced by a major cortribution of
Harry Markowitz in the early fties: the
mean-\ariance approach. While there has
been a continuous line of works in on-line
learning portfolios over the past decades,
very few works have really tried to cope
with Markowitz model. A major drawbadk
of the mean-variance approad is that it is
approximation-free only when stock returns
obey a Gaussian distribution, an assump-
tion known not to hold in real data. In
this paper, we rst alleviate this assumption,
and rigorously lift the mean-variance model
to a more general mean-divergene model in
which stock returns are allowed to obey any
exponertial family of distributions. We then
devise a general on-line learning algorithm
in this setting. We prove for this algorithm
the rst lower bounds on the most relevant
qguantity to be optimized in the framework
of Markowitz model: the certainty equiva-
lents. Experiments on four real-world stock
markets display its ability to track portfolios
whosecumulated returns exceedthose of the
best stock by orders of magnitude.

1. Intro duction

In Pudd'nhead Wilson , Mark Twain once quoted
the wise man: \Put all your eggsin the one bas-
ket and | watch that basket!", against the fool
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who argues to rather scatter money (and atten-
tion). The large majority of works on on-line learn-
ing portfolios watch portfolios using their expected
returns (Even-Dar et al.,, 200§. Very few works
have started to look at the problem with a re ned
lens, relying on risk premiums instead of returns
(Warmuth & Kuzmin, 2006, inspired by a theory
born more than ft y yearsago (Markowitz, 1952. As
Markowitz has shown, investors know that they can-
not achieve stock returns greaterthan the risk-free rate
without having to carry somerisk. The famed mean-
variance approach was born, in which the variance
term modelsthe investor's aversionto risk. Under the
assumptionsthat the investor obeys exponertial util-
ity and the stocks returns have Gaussiandistribution,
the optimal portfolio is that which maximizesthe dif-
ference betweenexpectedreturns and half the variance
times the Arrow-Pratt risk aversionparameter (Pratt ,
1964). This latter term in the di erence quarti es the
risk premium of the portfolio, while the di erence |
hence,the quantit y which completely de nes the opti-
mal portfolio | is the certainty equivalent

There are prominent limitations to both the model
and the previous approaches that learn portfolios
on-line. First, it is a well-known obsenation that
empirical data do not obey Gaussian distribution,
thus impairing the safe application of Markowitz'
model to real domains. Second, all previous at-
tempts to cast on-line learning in this model relied
on approximations of the actual quartity to be maxi-
mized, the certainty equivalent (Even-Dar et al., 2006
Warmuth & Kuzmin, 20086).

In this paper, we alleviate these two limitations. We
rst replace the Gaussian distribution assumption
about returns by the more realistic assumption that
they obey generalexponertial families: we prove that
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the mean-variance approadc of Markowitz is general-
ized by a mean-divergen@ model, in which the di-
vergencepart heavily relies on a class of distortion
popular in machine learning: Bregman divergences
(Banerjeeet al., 2005 Nock & Nielsen 2009. We
then provide, in this mean-divergenceportfolio choice
model, a general algorithm for on-line learning ref-
erence portfolios that are allowed to drift, basedon
a generalization of Amari's famed natural gradient
(Amari, 1998. We show a lower bound on the cer-
tainty equivalent of this algorithm which dependson
the certainty equivalents of the reference portfolios.
No such bound was previously known, evenin the re-
stricted caseof Markowitz' model. Our contribution
is also experimental, aswe provide results on four ma-
jor stock markets (djia , nyse, sepsoo, tse ) that dis-
play (i) the interestin lifting the mean-varianceto the
mean-divergencemodel, as the mean-\ariance model
appearsto be suboptimal, (ii) the performanceof the
algorithm on real data, with its ability to adapt its al-
location and simultaneously beat by orders of magni-
tude market contenders from both the \fo ol" and the
\wise" families in Twain's acception (resp. uniform
cost rebalancedportfolio and best stock).

The remaining of the paper is organized as follows:
Section2 preseris the mean-divergencemodel. Section
3 preseris our algorithm and its properties. Section 4
details the experiments, and Section 5 concludes.

Notations  Italicized bold letters like v denote vec-
tors and v; their coordinates. Blackboard notations
like S denote subsetsof (tuples of) reals, and j:j their

cardinal. Calligraphic letters like A are resened for
algorithms. Economic conceptsare distinguished with

small capitals: for example, the certainty equivalent

is denoted c, and utilit y functions are denotedu. We
de ne 0, the null vector, 1, the all-1 vector and 1; the
vector with \1" in coordinate j and zero elsewhere.
Becauseof size constraints, parts of the technical and
experimental material of this paper are available in a
supplemeriary material le *.

2. The mean-div ergence model

We consider an (investor, market) pair setting, in
which the investor is characterized by a vector 2 P,
a portfolio allocation vector over d assets,where P de-
notes the d-dimensional probability simplex. Thesed
assetscharacterize the market, on which we compute
avector of returns w 2 [ 1;+1 )9, Quantity

Ly = W (1)

 hitp:/imwww1.univ-ag.fr/ rnock/ Artic les/ ICML11/

modelsthe investor'swealth brought by his/her portfo-
lio. We assumethat w is drawn at random from some
density p which belongsto the exponertial families
of distributions (Banerjeeet al., 2005:

exp w” () bw) ; 2
exp( D o(wkr () + 7(w))bw) ;

where de nes the natural parameter of the family,
and b(:) normalizesthe density. :S! R (S RYis
strictly corvex di eren tiable, and ? is its convexcon-
jugate, de ned as ?(z) = SUR 2 gom( (27t (t)g=
z2r Yz) (r (2)) (Banerjeeet al., 2005. We
de ne the Bregman divergen@ D with geneator
as (Banerjeeet al., 2005:

p(w: )

D (xky) = () () (x y)r (¥)®
wherer  denotesthe gradient of
It is not hard to show that the gradierts of and 7

are inverseof ea other (r = r 1), and further-
more the fundamental relationship holds:

(kr (x)) = (4

Exponertial families contain popular members,suc as
the Gaussian,exponertial, Poisson,multinomial, beta,
gamma, Rayleigh distributions, and many others.

D (xky) = D »(r

A quite counterintuitiv e obsenation about the in-
vestor is that he/she would typically not choose
based on the maximization of the expected returns.
This is the famed St. Petersburgparadox, which states
that the expected return alone lacks crucial informa-
tions about the way is chosen, such as investor's
being not unconsciousto the fact that investmerts
cannot be achieved without carrying out some risk
(Chavas, 2004. A popular normative approach al-
leviates this paradox (von Neumann & Morgenstern,
1944: v e assumptions about the way people build
preferencesamong allocation vectors are enough to
show that portfolios are ordered basedon an expected
utility of returns, Ew, p [u(w” )], whereu(:) denotes
a real-valued utility function. It can be shown that
this expectation, which is computed over numerous
markets, equalsthe utilit y of a single equivalert case
(\sure market") in which the expected wealth is mi-
nored by a risk premium (Chavas, 2004:

Ew p U('n)] = U Ew p vl pC ;) (5

Because this case represeris a sure money-metric
equivalent of the left-hand side's numerous markets,
the quarntity c( ; )= Ew p ['wv] P( ; ) iscalled
the certainty equivalent Markowitz has shown that
the certainty equivalent may be derived exactly when
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Table 1. Bregman divergencesusedin this paper; kx kq ( jxijq)1:q denotesthe g-norm.
" (x) D (xky) Commerts
2kxkg slodd  gkyki (x y)"r - (y) | anomm divergence D, (1 - (y)i = P
i x-PIn Xi X Pi (xi In(xi=y;))  (Xi Vi) Kullback-Leibler divergence,Dy
p i Inx; p P ((xi=y)  In(xi=y;) 1) Itakura-Saito divergence,D;s
| EXPX; i(exp(xi) (x;i yi+ 1)exp(y)) | Exponertial divergence,D .,
p is Gaussian. Applying the mean-wvariance model P(;)=EwpwW 1 c(;)= >r ()
in the general casewithout caring for the Gaussian ¢ ( ; ) = & ( a) ()+a’r () =
assumption incurs an approximation to the premium %D ( a k), asclaimed. |

part in (5) which can be devastating (Chavas, 2004).

To summarize, alleviating the Gaussian assumption
implies to nd u, p and ¢ with which (5) holds un-
der the more general setting of exponertial families.
Finding u is in fact easy even when d > 1. We
rely on Arrow-Pratt measureof absolute risk aversion
(Chavas, 2004 Pratt, 1964, which can be computed
for ead stock as:

@ @
@’ @i
We say that there is constant absoluterisk aversion
(CARA) whenewer r; (!,y) = &8i = 1;2;::;d, for
somerisk aversion parameter a 2 R. The following
Lemma easily follows from (Chavas, 2004).

1
Fi (Yinv) = u! inv) @U(| nv) ;8i=1;2;:5d

Lemma 1r (') = aforsomea2 Ri u(x)=x
(if a=0) oru(x) = exp( ax) (otherwise).

Assuming that the investoris risk averse,we have a >
0. We can now provide the expressionsof c( ; ) and
p( ; ), whichwenowrenamec ( ; )andp ( ; ),
sincethey depend on , the premium geneator.

Theorem 1 AssumeCARA andp asin (2). Then:

c(i)= 30 ( ay: ©
p(i) = D ( ak): ™
Pro of: We haveZ:
Ew p U(w)]= expw’ ( a) () bw)dw
= Jep(( a) ()
expw’ ( a) ( a) bw)dw
| {z }
=1
= exp( ac ( ;) ; (8)

where we have used in (8) Lemma 1 and (5).
The de nition of the certainty equivalent yields

Various safecheds, explainedin the following Lemma,
show that the risk premium behaves consisterly
(proof omitted).

Lemma 2 (i) lima op ( ;) =0, () p (;)is
strictly increasing in a, (i) lim y op ( ; ) = O
(holds under any vector norm convergen®); (iv) as-
sumingp Gaussianallowsto recover the variance pre-
mium of the mean-variance model:

=N(C: ) ) p:(:)=@2 " 9
The proof of (9) involvesconsideringthe vector-matrix
encaling of the Gaussian(Nielsen & Nock, 2009, with
the matrix part of the allocation being the null matrix.
The following Lemma provides simple illustrativ e ex-
amplesof upperboundson p for somepopular expo-
nential families.

Lemma 3 Denote resgctively paq( ; ), P ( 5 ),
po( ; ) the premiums asseiated to the d-
dimensional multinomial (parameter q 2 P), Poisson
(parameter > 0) and exponential (parameter °> 0)
distributions. Then (D, is de ned in Table 1):

1 1

Pd;q( ;) dDy 2 Tp(a) ; (10)
p (1) a ; (11)
polli ) N g (12)

(proof omitted) Poissonand exponertial distributions
have a single natural parameter, which explains the
\1" in lieu of in (11-12). The boundsin (10-12) are
all increasingin a; those of (11-12) are also increas-
ing with the variance of the distribution, showing that
variance minimization asin the mean-variance model
may be an approximate primer to corntrol p .

General comments There is a striking parallel
between and in (1) and (2). Everything is
like if the natural parameter  were acting as a
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natural market allocation. The corresponding nat-
ural investor is optimal in the sensethat its allo-
cation is based on the market's expected behavior
(Banerjeeet al.,, 2009: indeed, exponertial families
satisfy =r -(Ew p [w]). For p Gaussian,it was
previously known that the optimal allocation is pro-
portional to 1 (Markowitz, 1952: this is precisely
the vector part of the Gaussian'snatural parameters
(Nielsen & Nock, 2009.

3. Tracking portfolios

We wish to build a portfolio with guarantees (e.g.
lower bounds) onits certainty equivalents in the mean-
divergencemodel. As usualin on-line learning, we up-
date this portfolio, say o, 1, ..., with the will to
track su cien tly closely a reference portfolio allowed
to drift overiterations: ro;rq;:::. Intuitiv ely, the drift-
ing referenceis assumedto bring large certainty equiv-
alerts. Thereis a third parameter allowedto drift, the
natural market allocation: o; 1;::: . Naturally, we
could supposethat ry = ;8t, which would amount
to tracking directly the best possible allocation, but
this setting would be too restrictiv e becauset may be
easierto track somer; closeto : but having specic
properties that ; doesnot have (e.g. sparsity). In
order not to laden the analysis, the referenceportfolio
enjoys the samerisk aversion parameter a asours.

The algorithm we proposeis namedOMD . , for \On-
line learning in the Mean-Divergencemodel". To state

OMD ; , we abbreviate the gradiert (in ) of the
risk premiumas:r p( ; )=r1r () r ( a)
(a; implicit in the notation). OMD . initializes

o = (1=d)1, learning rate parameter > 0, and then
iterate the following update, fort = 0;1;:::;; T 1:
141 rolr () rp( o) z1)(3)
wherez; ischosensothat 41 2 P?. There are seweral
guantities of interest to state our main result:

& rpa})xrpsa}x(li )7 rp( 60 (14)
(15)

(16)

= maxkr (ko

= minmin
t 0 i

&is the maximal scope of the premium gradiernt, is
the maximal market return in absolutevalue,and is
the minimal allocation made by OMD . . We nally
denoteas the minimal eigervalue, over all iterations,
of the Hessianof which ts a Taylor-Lagrange expan-

2When dom( ) 62R., we scale and renormalize (41
when necessaryto ensurethat 1 2 P.

sionof p 's Bregmandivergence(seee.g. (Nock et al.,

2008, Lemma?2). > 0since s strictly cornvex.
Theorem 2 Let > 0 be user-xed. Let T
f0;1;:::;T 1g group iterations s. t. ¢ 6 ry. Fix
(+2)
= - : 17
a minga Tk ¢ rek3 (17)

Then, for any > 0, the certainty equivalent of

OMDy,. can be lower boundal as follows, 8T >
0;8p;q L(1=p+ (1= = L
}( 1
c ( ;1)
t=0
X1 . 1 X1
c (rt; t) deln — krt+1 rtkp
t=0 t=0
1 1
+iTj T& In Ind: (18
iTj T ) (18)

Pro of: The proof exploits a popular high-level trick
consisting in crafting a (lower) bound to the progress
to the shifting reference:

t=Du(rik ©) Du(resik )= t1+ t2(19)
with
t1 = Du(rik t) Du(rik t+1)
t2 = Du(rik t+1) D (resrk t41) :

We bound separatelythe two terms, starting with ;.
Using (13), the de nition of r p( ¢; ) and the fact
that ry 2 Pand 2 P, we have:

t1 = (=@t Du( tk t+1);

with = (¢« a) (¢ ad)’(t (¢ an)
r (). Wenow bound the two terms in (20).

(20)

Lemma 4  a(c (r¢;¢1) ¢ (¢ )+ )ift2
T,and {=a(c (rt; t) ¢ ( t; t)) otherwise.

(proof givenin the supplemenary material®)
Lemma 5 Dk|( tk t+l) &

(proof givenin the supplemenary material®)

Putting altogether Lemmata 4 and 5 in (20), we obtain
the following lower bound on the sum of ¢ 1:

X1 X1 X1
t1 c (re; o)
t=0 t=0 t=0

+ (T Ty

!
c (1)

(21)
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Table 2. Experimental market domains. Returns are daily
(djia , nyse and tse ) or weekly (s& p500).

name d T start date end date
djia 30 506 01/14/01 01/14/03
nyse 36 5650 07/03/62 12/31/84
s& p500 324 618 01/08/98 11/12/09
tse 88 1257 01/04/94 12/31/98

Working on a lowerbound for ., is easier,as 2 sim-
pli es to:

t2 = (re) (resn )+ (resz 17T (o)

1
(re)  (resn)  krem rtkpd% In = (22)

where (22) follows from Helder inequality (p;q
1;(1=p) + (1=¢) = 1). There remainsto sum (19) for
t=0;1;::;T 1,use(21) and (22), rearrangeand use
the facts Dy (rok o) = (ro) + Ind, Dy (rtk 1)
(rr) (@ )In( (1 )) to get (18). a

Comments on OMD. and Theorem 2 The
choice = kl in Theorem 2 was madein part to fuel
experimental obsenations (SeeSection4). Notice also
the absenceof constraint on : previoustheoretical re-
sults on on-line algorithms tend to put very tight con-
straintson for e cien t learning (Borodin et al., 2004
Kivinen & Warmuth, 1997. OMD . explicitly relies
on the optimization of the premiums, yet it implicitly
works on maximizing the certainty equivalents aswell,
asindeed (6) impliesr p( ; )=1r () rc( ;)
wherer ¢( ; ) isthe gradient in  of the certainty
equivalent. It is thus not surprising that OMD .
meets guaranteeson the certainty equivalents. From
the information geometric standpoint, OMD . turns
out to approximate a generalizationof Amari's natural
gradient (Amari, 1998, to progresstowards the opti-
mization of a cost function using a geometry induced
by a Bregman divergence(D ).

solution to 0 =
argmin oD ( k ), whee A = f 2 R
(1=~ ( ;) k)g satises the following
set of non-linear inequalities:

()

Lemma 6 The

O = r I(r rpC %0 zl) (23)
(proof omitted) Notice that, to enforce °2 P in (23),
it is enoughto ensurethat dom( ) R.. One may
easily ched that xing (x) = x> Gx (G symmetric
positive de nite) in (23) and removing the constraint

> 1= 1(z = 0) allowsto retrieve exactly Theorem 1
in (Amari, 1998. The update (13) in OMD . appears
as a tractable approximation to (23) | all the better
asD ( % ) issmall| in which  replaces %in

the premium gradient. Since ; °2 P, a most natu-
ral choice for D suggestedby Lemma 6 is Kullback-
Leibler divergence(Table 1), in which caseOMD .

resenbles EGalgorithms (Kivinen & Warmuth, 1997).

The bound of Theorem 2 is not directly applicable, like
most boundsin on-line learning (Kivinen et al., 20086,

yet it provides intuitiv e cluesabout the dependencies
betweenthe parameters,and their choicesto e cien tly

tune OMD . . If we exceptthe term |Tj T& the

remaining part of the penalty in (18) is in fact familiar

to on-line learning (Kivinen et al., 2006, and says that

tracking the referencemay indeedbe more e cien t as
it gets sparse. The term |Tj T& s interesting for

the premium choice: & actually dependson a, yet a
appearsin the gradient of . Hence, premiums with

a slowly increasinggradient, e.g. concave like for =

kI or = is, dampenthe penalty T&in (18), thus
potentially leading to improved performances.

4. Exp erimen ts

We have consideredfour market domains, summarized
in Table 2. They cover overall a wide period, from the

early sixties to the last nancial crisis. Experiments

were devisedto assess/arious objectives,including in

particular (i) whether tracking portfolios on the ba-
sis of their risk premiums or certainty equivalents al-

lowsto nd portfolios with good returns; (i) whether
lifting the mean-variance model to the more general
mean-divergencemodel allows to cope more e cien tly

with dierent markets, in particular against two pop-

ular market opponerts: the uniform cost rebalanced
portfolio, UCRP, which represerts the average mar-

ket's performance,and the best stock, BEST, which is
the stock giving the largest cumulativ e returns over all

market iterations; (iii) whether the mean-divergence
model improvesthe acutenesgo spot, with new premi-

ums, events at the market scalethat would otherwise
be missed| or at least dampened| in the mean-
variance model.

General results: on ead domain, OMD . wasrun
with ewvery possible combination of the following pa-
rameters: a 2 f0:01;1;100y; 2 f0:01;1;100gy; 2
fmkl ;isg; 2 flg;kl ;isg (Table 1: q 2 f2:001 3; 4g
for the g-norm). Finally, in order to assessvhether the
update (13) can be made more e cien t using more
than just the last returns, we test the possibility of
using, in the premium gradient update, a window av-
erageof the last r iterations, for r 2 f1;2;4g. The re-
sults, integrating the cumulated returns of BEST and
UCRP, are givenin Table 3. Due to the lack of space,
we only provide the resultsfor OMD . , but the inter-
ested reader may ched the supplemenary material®
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Table 3. Cumulated returns (left table) and cumulated premiums (right table, y-scalesare logscales)for OMD y -

the four domains, using three di erent premium generators

on
(leftmost column: seeTable 1; m is Markowitz' variance

premium). On ead plot, OMD . 's synthetic results are given as follows: the light grey part covers the interval of the
[25%; 75%] quantiles of OMD ; , the red curve displays OMD i ; 's median results, the lower and upper green curves
display respectively OMD i . 's min and max results. The results of BEST are in purple, and those of UCRP are in cyan.

Cumulated returns Cumulated premiums
djia nyse Se P500 tse djia nyse Se P500
10 OMD (median) —— OMD (median) ——
® i
N
s
p
o
.
° 0 100 200 300 400 500 60
m :
K D
:
: 0 10 200 30 40 500 60 0 200 400 600 800 1000 20| -0 100 200 00 400 5 0 1000 2000 3000 4000 5000 0 100 200 300 400 500 60 0 200 400 600 800 1000 120
IS N T i T ™ ™

for the results of the other choicesof . The following
conclusionscan be drawn from theseexperimerts: the
better the cumulated returns for OMD . , the larger
its premiums; in somesense the paying strategiesare
noted as riskiest in the mean-divergencemodel. The
poorest results accordingto cumulated returns are ob-
tained for Markowitz' variancepremium (m), with pre-
miums almost always smaller than BEST's by orders
of magnitude. Compared to BEST's, the premiums
for kI are quite comparable at least for the median
values, while those for is are clearly huge. But the
returns are up to the task: on the djia , OMD  .s's
median return with is is more than six times that of
BEST, while more than 75% of the possible combi-
nations of parameters of OMD y s give better results
than BEST. On the nyse, OMD  .s's median returns
are this time more than ten times those of BEST. Re-
call that premiums are not honored by investors (un-
like e.g. in insurance), henceone can judge results on
the basis of returns only: with respect to this stand-
point, OMD ;s givesby far the best results, the sec-
ond best being clearly OMD y . . This is quite in ac-
cordancewith the commerts of Section 3, and comes
as a strong advocacy to lift the mean-\ariance model
to the mean-divergencemodel. Finally, we spotted no
signi cant di erence when varying window sizer.

Inuences of a and Two major parametersin
running OMD . areaand . To evaluate their in u-
ence,we ltered the generalresult, and plot in Table

4 the cumulated returns of OMD ;s as a function of
the valuesof aand . The results for the other choices
for canbeconsultedin the supplemenary material®.
Table 4 clearly displays two opposite behaviors for the
in uence of a and while returns increasewith a,
they decreasewith Results for OMD ., tend to
display that the opposite pattern holds for Mark owitz'
variance premium, as returns tend to decreasewith
a and increasewith The caseof OMD .y is also
dierent, the median values (a = = 1) seemingly
being the best choicefor all four domains. A plausible
explanation to this phenomenonmay lie in the sec-
ond derivative of , and thusin the cornvexity regime
of the premium: for small returns, the secondderiva-
tive values can roughly be orderedasis ki m,
and thus yield allocations that are much more spread
before normalization for is in (13). This perhapspro-
vides a better acutenessto OMD y ;s through the risk
premium, and to be used to its full potential, one
doesnot have interestin xing small valuesfor a that
would otherwise cloud the issueby reducing this pre-
mium. We thus seetwo opposite strategies through
OMDy, . : the choice = m providesus with an algo-
rithm which works at best when taking the lessrisks,
giving in return portfolios with suboptimal returns,
sometimescompeting with the best stock. The \op-
posite" choice = is givesa much more aggressie,
high-premium / higher-return algorithm. For such ag-
gressiwe strategies, the high premiums do not only act
as signalsto spot potential portfolios being subject to
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Table 4. Cumulated returns of OMD y .is as a function of a 2 f0:01; 1; 100g (left table) and 2 f0:01; 1;100g (right table).
Each grey curve represerts a run of OMD y .is. The results of BEST are in purple, and those of UCRP are in cyan.

s T p— oMD —— ©
- o
10 100
5 50
B i
0 = ,
B UCRP 150 UCRP | 15 UCRP 150 UCRP
10 100 i 100
5 50 5 50
o 0 o e ——
5 50 -5 50
o5 S S e o= S
- ucrp 150 ucre u ucrp 50 ucre = ucre 150 ucrp u ucrp 50 ucrp
100 1 20 100 o 20
¥ 2 8 20
B s SN |
o . = — . | I
o ° 10 o —— o e kY
000 e el e S e e e e iy e e MR e i )

risk: they somehav act as parapets for OMD y s to
\stay in line", and thus need to be high (a large) to
really be e cient in this role. This being explained,
the somehav \opp osite" behavior obsenedwith  may
indicate that a and act as o sets for eacd other in
the update (13): small premium variations allow large
learning rates for better results, while large premium
variations enforcesmall learning rates.

OMD . watches its basket: We have drilled down
further into the portfolios of OMD .5, to assesghe
way allocations are carried out. Table 5 provides some
of the results obtained, the remaining of which appear
in the supplemerary material®. In ead row, the right
table givesthe topmost stocks that represeried more
than 50% of OMD , .s's portfolio, orderedaccordingto
the percertage of the iterations (shown) during which
this occurred ("None"= no stock had absolute major-
ity). A (?) indicates BEST. OMD ;s hasa prominent
tendency to follow few stocks at a time, quite often
catching BEST, thus following Twain's \wise" behav-
ior and playing e cien tly againststocks' volatilit y; yet
experiments demonstrate that someiterations tagged
as\None" clearly favor a spreadingof stocks, thus fol-
lowing Twain's \fo ol" behavior. Interestingly, the do-
main on which this spreadingis the most frequert has
also the most irregular averagereturns (See UCRP):
sepsoo. Here, \None" is almost ten times more fre-
qguert than the following stock in the list. This fact,
after comparison with djia and tse, cannot be ex-
plained only by the increasein the number of stocks.
In Table 5, the cumulated returns of stocks philip

morris (djia ), dupont (nyse), pure gold miner-

als inc. andinterna tional forest products Itd

(tse ) display the ability of OMD ;s to bet \just in
time" on stocks, just before or during periods where
they enjoy comparatively more important returns.

Premium values and mark et events: Finally, we
drilled down into the valuesof premiums obtained, in
particular to evaluate di erences as a function of the
premium p . Table 6 givesthree examplesof curves
obtained on domain sz psoo (a = 1), chosenfor its av-
eragebehavior more irregular than the other markets.
One can ched that all premiums detect events during
the last nancial crisis (rightmost peaks), but relative
variations are much smallerfor p,,. On the other hand,
P« peaks much more distinctively on these everts,
while p;s yields very large premiums, as expectable
from the theory and experiments developed above.

5. Conclusion

Carefully crafted heuristics have already demonstrated
their capacities in beating BEST (Borodin et al.,
2004, yet these are still crucially lacking theoretical
foundations; to the best of our knowledge, our work
may be the rst attempt to show that suc attainable
performancesmay borne out a sound theory, more-
over forged more than a decade ago (Amari, 1998
Kivinen & Warmuth, 1997 and popular ever sincein
machine learning. Our main objective is not in talk-
ing experimentally the big numbers with respect to
other contenders: there are of coursecaveatsto apply-
ing our algorithm, like for any other in the category
(Borodin et al., 2009. Instead, evenwhenwe have not
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Table 5. Allo cations of OMD y.is (a = 1000; = 0:01).
Each row relates to a domain (top to bottom: djia , nyse,
s& p500, tse ). In ead row, the right table shows the most
prominent stocks in OMD y .is's portfolio (seetext). The
left plot displays the cumulated returns of the topmost
stock of this list; vertical black bars indicate the iterations
during which this stock had absolute majority in the port-
folio (the kin ark plot may be misleading becauseof its
size and the width of the vertical bars). The center plot
displays the cumulated returns of another stock appearing
in the list (convention for vertical black bars are the same).

djia ::
None : 16.01%
INTEL CORP .. 7.91%
(?) AT&T CORP .. 7.31%
HP:  6.32%
JP MOR GAN: 4.94%
PHILIP  MORRIS: 4.35%
HONEYWELL: 4.35%

nyse:
(?) KIN ARK: 17.47%
None : 16.53%

IR OQUOIS: 9.43%
ESPEY MAN.: 9.40%
MElI CORP .. 7.75%
COMM MET ALS: 5.17%
LUKENS: 3.94%

s& p500:
None : 18.45%
CIENA: 1.94%
JDS UNIPHASE: 1.94%
MBIA: 1.62%
AD V. MIC. DEV C.. 1.46%
JABIL CIR CUIT: 1.29%
QWEST COMMS.: 1.29%

1
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il ForEsT PRoD. LTo. —— || tS€ :
None : 17.33%
(?) PURE GOLD MIN.: 9.70%
BREAKW ATER RES.: 8.27%
REP AP ENT. INC.: 5.72%
GENTRA INC.: 3.50%
COTT CORP .. 3.34%
MIRAMAR MIN.: 3.18%

found the golden eggsto put in our Twain's basket,
we do believe that this possiblebond betweentheory
and such attainable experimental performancesis as
interesting asordinary looking eggswith silver yolk to
start lling this basket. In particular, our results show
that the mean-divergencemodel may present new av-
enues for resear® on popular on-line learning algo-
rithms like EG (Kivinen & Warmuth, 1997, suc as
the ways the parametersof the expected utilit y theory
(Pratt, 1964 may be plugged in the algorithms and
bounds. This also includes the experimental stand-
point, as looking at the results in (Borodin et al.,
2009 (djia and tse in their Table 1: we used the
samedata) clearly displaysthat working with certainty
equivalents or premiums, instead of returns like in the
original EG skyrocketsreturns to the point that we be-
comemuch more than a legal contender to ANTICOR
(Borodin et al., 2004: we may beat it by orders of
magnitude.

Table 6. Premiums on S p500: pm, pu , Pis (left to right).
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